We study analytically and numerically quench dynamics and defects formation in the quantum Ising model in the presence of a time-dependent transverse magnetic field. We generalize the LandauZiner formula to the case of non-adiabatic evolution of the quantum system. For a quasi-static magnetic field, with a slow dependence on time, our outcomes are similar to the results predicted by the Landau-Zener formula. However, a quench dynamics under a shock-wave load is more complicated. The final state of the system depends on the amplitude and pulse velocity, resulting in the mixture of ground and excited states and significant density of defects.
I. INTRODUCTION
Quantum phase transitions (QPTs) are characterized by qualitative changes of the ground state of many body system and occur at the zero temperature [1] . Since thermal fluctuations are frozen, QPTs are purely quantum phenomena driven by quantum fluctuations. Well known examples of QPTs are the superconductor to insulator transition in high-T c superconductoing systems, the quantum paramagnet to ferromagnet transition occuring in Ising spin system under an external transverse magnetic field, and the superfluid to Mott insulator transition.
QPTs are associated with levels crossing and imply the lost analyticity in the energy spectrum. In the parameter space the points of nonanalyticity, being referred to as critical points, define the QPT [1] . A first-order QPT is determined by a discontinuity in the first derivative of the ground state energy. A second-order QPT means that the first derivative is continuous, while the second derivative has either a finite discontinuity or divergence at the critical point.
Energy level crossing implies that it does not matter how slowly the system is evolved. Near the critical point adiabaticity breaks down and non-equilibrium phenomena associated with * Electronic address: nesterov@cencar.udg.mx † Electronic address: monica.felipa@gmail.com the drastically grown quantum fluctuations can drive the system away from the ground state. The final result depends on how fast the transition occurs. If the quench process is sufficiently fast, large numbers of topological defects are created and the final state can be essentially different from that been obtained as result of slow evolution. Qualitatively, the dynamics of quantum system can be described by the Kibble-Zurek (KZ) theory of nonequilibrium phase transitions [2] [3] [4] .
In this paper we consider quench dynamics of the quantum of Ising chain in a transverse time-dependent magnetic field. The paper is organized as follows: In Sec. II we introduce the model and discuss its main features. In Sec. III we study quench dynamics for a magnetic field defined by a pulse of a given shape. In Sec. IV we describe defects formation near of critical point. We conclude in Sec. V with a discussion of our results.
II. DESCRIPTION OF THE MODEL
where the periodic boundary conditions, σ N +1 = σ 1 , are imposed. The external magnetic field is associated with the parameter h.
Quantum phase transition (QPT) occurs in the thermodynamic limit (N ≫ 1) at critical value h c = 1 of the external magnetic field.
The Hamiltonian in Eq. (1) can be diagonalized using the standard Jordan-Wigner transformation, following well-known procedures described in [5] [6] [7] [8] [9] . The Jordan-Wigner transformation maps a spin-1/2 system to a system of spinless fermions, 1 0 . On the other hand, when h ≪ 1 there are two degenerate ferromagnetic ground states with all spins polarized in opposite directions along the z-axis. In the thermodynamic limit the system passing through the critical point ends in a superposition of up and down states with finite domains of spins separated by kinks [10] .
III. QUENCH DYNAMICS A. Adiabatic and non-adiabatic evolution
We consider quantum Ising chain driven by time-dependent Hamiltonian, H(t) = k H k (t), where
For a generic quantum system governed by the time-dependent Hamiltonian the adiabatic theorem guarantees that during quantum evolution the system remains in its the ground state, as long as the instantaneous ground state does not become degenerate at any time. The validity of the adiabatic theorem requires
When the quantum processes is related to the quantum phase transitions, the condition of Eq. (26) can be recast as [14, 15] ,
where |ψ g is the ground state, and E e is the energy of the first excited state, |ψ e . This restriction is violated near the degeneracy in which the QPT occurs.
In the adiabatic basis formed by the instantaneous eigenvectors of the Hamiltonian H k , the total wavefunction can be written, as |ψ = ⊗ k |ψ k (t) , where
From Eqs. (22) and (23) it follows that
We define
Next, one can show that the wave function, |Ψ k (t) , satisfies the Bogoliubov-de Gennes equation
where
and
Now the requirement of the adiabatic theorem (27) can be rewritten as,
Employing (35), one can recast Eq. (34) as,
whereḣ c =ḣ(t c ). Here t c denotes the moment of time when the magnetic field reached its critical value, h c = 1. Further, it is convenient to introduce the following notation:
Using (37) in Eq. (36), we find that for the given value of k the condition of adiabaticity can be written as ω 2 k ≫ 1. As follows from Eq. (27) , for the whole system the condition of adiabaticity can be written as, ω 2 ≫ 1, where
For N ≫ 1 we obtain
Let us assume that the dependence of the magnetic field on time has the form h = h(t/τ 0 ). By presenting,
one can show that, if the evolution begins from the ground state, the coefficients a k (t) and b k (t) satisfy the following asymptotic conditions [16] [17] [18] [19] [20] [21] [22] [23] [24] :
where the critical point, z c , lies on the first Stokes line in the lower complex line defined as
The critical point is determined as a solution of the equation, ε k (z c ) = 0, in the complex plane obtained by analytical continuation, t → z. Employing (18), we find that for the Ising model the integral in the r.h.s. of Eq. (42) can be recast as follows:
where Z ′ = dZ/dz, and we set Z = h(z). For given k, the probability to stay in the ground state at the end of the evolution is given by P gs k (t) = |α k (t)| 2 . With help of Eq. (42) we obtain
Since different pairs of quasiparticles (k, −k) evolve independently, the probability to stay in the ground state for the whole system is the product [10]
For slow evolution one can use the LZ approximation in Eq. (44), that consists in changing Z ′ (z) by its value in the critical point,
Performing integration in (44) and inserting the result in (45), we obtain the Landau Zener formula [25, 26] 
This result is valid when ω 2 k ≫ 1, that is in agreement with the condition (38). By applying (46) we find that the probability to stay in the ground state for the whole system is
B. Adiabatic-impulse approximation
In according to KZ mechanism, the main contribution to the QPT is made in the neighborhood of the critical point [2] [3] [4] . Expanding h(t) near of critical point as h(t) = 1+ḣ c (t−t c ), one can rewrite (25) as follows (we omit unessential diagonal contribution, ε 0k ),
It convenient to introduce a new variable,
Let us assume thatḣ c < 0, then the Hamiltonian (25) takes the form of the LZ model,Ĥ
the coupling strength being ω k = κ sin ϕ k . Qualitatively, the dynamics of the LZ system can be described by using so-called the adiabatic-impulse (AI) approximation [11] [12] [13] . The AI-approximation assumes that the whole evolution can be divided in three parts, and up to the phase factor the wave function, |ψ k (t) , approximately can be described as
where the timeτ k , introduced by Zurek [3] , is called the freeze-out time and define the instant when behaviour of the system changes from the adiabatic regime to an impulse one where its state is effectively frozen and then back from the impulse regime to the adiabatic one.
If the evolution starts at moment τ i ≪ −τ k from the ground state, the equation for determiningτ k can be written as πτ k = 1/ε k (τ k ) (for details of calculation, see reference [11] ). Its solution is given bŷ
In the AI approximation the probability, P k ex , of exciting mode k at τ f ≫τ k can be calculated as follows [11, 13] :
Substitutingτ k from (51), we obtain
In the first order this coincides with the result predicted by exact LZ formula:
. Employing (46) we find that in the AIapproximation the probability to stay in the ground state for the whole system is given by
In the thermodynamic limit, the variable ϕ k becomes continuous, and we obtain
where x = πκ 2 sin 2 ϕ. In Fig. 1 the probability of finding the system in excited state is presented. One can see that for κ ≫ 1 the main contribution to P ex (κ, ϕ) is occurred from the values of ϕ ≈ 0 and ϕ ≈ π. In other limit, κ ≪ 1, the values of ϕ ≈ π/2 yield the most important contribution to the probability P ex (κ, ϕ).
IV. QUENCH DYNAMICS UNDER SHOCK-WAVE LOAD
A. Semi-finite pulse
Transition from paramagnet to ferromagnet
During its evolution the system does not remain in the ground state at all times. At the critical point, the quantum system becomes excited, and its final state is determined by the number of defects. In the case of the ferromagnetic Ising chain and for transition: paramagnet → ferromagnet, the system ends in the state such as | . . . ↑↑↑↑↓↓↓↓ . . . ↓↓↓↑↑↑ . . . ↑↑↓↓ . . . with neighboring spins polarized in the same directions along the z-axis and separated by kinks (defects)) in which the polarization of spins has the opposite orientation.
We specify the magnetic field as a semiinfinite pulse with the shape determined by (Fig. 2 )
The height of the pulse is given by h m = 2h 0 . At the critical point, h c = 1, we havė
It turns out convenient to introduce a dimensionless time s = t/τ 0 and to recast the Bogoliubov-de Gennes equation (32) as,
wherê
We set θ
To estimate asymptotic behavior of the probability to stay in the ground state we use Eq. (45). The result is
Using (56) in Eq. (44), we are performing integration to obtain
Then the probability to stay in the ground state at the end of evolution can be written as
For h m ≫ 1 this yields
Since ω k does not includes h m , in the end of evolution the state of system is insensitive to changing of amplitude. Computation of the parameter of adiabaticity, ω k , yields
For long wavelength modes with ϕ k ≪ π/4 we obtain ν k ≈ ω k . Our theoretical predictions are confirmed by numerical calculations performed for N = 32, 48, 64, 128, 256, 512 spins ( See Figs. 3, 4. ). We assume that initially the system was in the ground (paramagnet) state. Choice of parameters: J = 1, τ 0 = 500, h 0 = 20. Solid lines present the results of the numerical simulations and dashed lines correspond to the asymptotic formula (62). One can observe that while short wavelength excitations are essential at the critical point, at the end of evolution their contribution to the transition probability from the ground state to the first excited state is negligible. The results presented in Fig. 3a show that the asymptotic formula (62) is in good agreement with the results of numerical simulations.
The estimation of the adiabaticity parameter ω (see Eq.(38)) yields: ω = 2.4 (N = 32), ω = 1.07 (N = 48), ω = 0.6 (N = 64), ω = 0.15 (N = 128), ω = 0.04 (N = 256), ω = 0.01 (N = 512). As expected, with decreasing of ω the probability to stay in the ground state decreases as well. This implies that at the end of evolution the quantum system does not remains in the ground state and its final state is the superposition of blocks with the spins oriented up/down, separated by walls (kinks).
Transition from ferromagnet to paramagnet
To describe transition from ferromagnet to paramagnet, we specify the magnetic field as a semi-infinite pulse with the shape determined by (See Fig. 5. )
height of the pulse being h m = 2h 0 . We start with the initial ferromagnet ground state. Near the critical point, the quantum system becomes excited, and its final state (for h 0 ≫ 1) is determined by the number of flipped spins.
We find that aymptotic behavior of the probability to stay in the ground state is given by where
When h m ≫ 1 one can approximate (68) as follows:
In Fig.  6 we present the results of numerical simulations performed for N = 32, 48, 64, 128, 256 spins. Choice of parameters: J = 1, τ 0 = 500, h 0 = 1, 20. Solid lines present the results of the numerical simulations and dashed lines correspond to the asymptotic formula (33). We assume that initially the system was in the ground (ferromagnet) state. One can observe that while short wavelength excitations are essential at the critical point, at the end of evolution their contribution to the transition probability from the ground state to the first excited state is negligible. The results presented in Fig.6a show that the asymptotic for- mula (67) is in good agreement with the results of numerical simulations.
LZ formula and AI-approximation
In this section we compare LZ-formula and AI-approximation with the results of the numerical simulations for semi-finite pulse. We assume that initially the system was in the ground state, then the probability to stay in the ground state in the end of evolution for the whole system can be written as,
AI :
k , the parameter of adiabaticity being ω k = J/|ḣ c | sin ϕ k . For the semi-finite pulse introduced in the Secs. 4.1.2. and 4.1.3, we obtain
In Fig. 7 we compare the predictions of LZ-formula and AI-approximation with the results of numerical simulations performed for N = 32, 48, 64, 128, 256 spins. Choice of parameters: J = 1, τ 0 = 500, h 0 = 20. Solid lines present the results of the numerical simulations and dashed lines correspond to the asymptotic formulas (70) and (71). We assume that initially the system was in the ground state. In Fig. 7a the results of the paramagnet → ferromagnet transition are presented. As expected, when the parameter of adiabaticity ω 2 k ≫ 1, the LZ-formula is in good agreement with the numerical results (blue and orange curves). In Fig. 7b we compare the AI-approximation with the results of the numerical simulations for ferromagnet → paramagnet transition. One can observe that AI-approximation is good enough for ω 
B. Pulse of finite length
We consider a magnetic field as a pulse of finite length with the shape determined by
the pulse length being ∆ = δτ 0 , and its height is given by h m = 2h 0 tanh(δ/2) (see Fig. 8 ). We assume that initially the system was in the ferromagnet ground state. Near the first critical point, the quantum system becomes excited, and after crossing the critical point its state (for h 0 ≫ 1) is determined by the number of flipped spins.
According to the KZ mechanism, the system will be stay in this state up to reaching the second critical point. When the length of the pulse is relatively large, there exists the intermediate asymptotic for the probability to stay in the ground state. We find that it is given by
After crossing the second critical point, the system ends in the state with the domain structure, consisting of domains with neighboring spins polarized in the same directions along the z-axis and separated by kinks (defects) in which (Fig. 9 ).
V. CRITICAL PHENOMENA AND DEFECTS FORMATION
During its evolution the system does not stay always at the ground state at all times. At the critical point, the system becomes excited, and its final state is determined by the number of defects (kinks). Following [10] , we define the operator of the number of kinks as,
Employing Eqs. (11) - (14), we obtain
The number of defects is defined by the expectation value of the operator of the number of defects, N = N . The computation yields
In the adiabatic basis this formula takes a more simpler form,
For the expectation value of the density of defects we obtain, Denoting the probability to stay in the ground state as P gs (ϕ k ) ≡ |α k | 2 , we rewrite (80) as
Using the approximated formula (45 ), we obtain
When N → ∞, the sum in Eq. (81) can be replaced by integral,
Substituting P gs (ϕ) from Eq. (45), we find
where Next, using the method of steepest descent, we obtain
where α = 2τ 0 Jh m /|h m − 1|.
As it was shown in the previous section, during the slow evolution only long wavelength modes, with the lowest ϕ = π/N , can be excited. Thus, in the adiabatic regime, ω 2 k ≫ 1, we can approximate the average number of defects at the end of evolution by LZ formula,
where ω 2 = π 2 τ 0 J/N 2 [10, 28] . In Figs. 12 -14 we compare our theoretical predictions with the results of numerical simulations performed for N = 32, 48, 64, 128, 256 spins. Solid lines present the results of the numerical simulations and dashed lines correspond to the asymptotic formula of Eq. (81). We assume that initially the system was in the ground state. One can observe that the results predicted by the asymptotic formula (81) are in good agreement with the numerical results. 
VI. CONCLUSION
We have studied analytically and numerically the quench dynamics of the quantum Ising chain in a transverse time-dependent magnetic field. We extend the LZ-formula to nonadiabatic evolution of the quantum system. For the adiabatic evolution, our predictions coincides with the results given by the LZ-formula. Numerical simulations show good agreement between analytical and numerical results.
Under a shock-wave load the dynamics of the system is more complicated, than in the case of the semi-finite pulse. The final state of the system depends on the amplitude and pulse velocity and may results in a significant density of defects.
